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Let b, denote the number of ways to select a subset of i independent edges in a 
given graph. It is shown that the sequence of b,‘s is unimodal, that is, there exists an 
r such that b,,<b,<... <b,>b,+,>...>b,. Similarly, for any bigraph, the 
nonzero coeffkients in the characteristic polynomial are shown to be unimodal in 
magnitude. Finally, it is suggested that the approach used here might be applied to 
verify the conjecture that the coefficients in the chromatic polynomial are unimodal 
in magnitude. 
1. Two UNIMODAL SEQUENCES 
It is well known [S] that the characteristic polynomial of any forest has 
only alternate terms appearing, and these terms, in turn, alternate in sign. It 
is evident to any casual observer that the magnitudes of the coefficients that 
do appear seem to increase to a maximum and then decrease again. This 
behavior undoubtedly has been observed by many researchers. In particular, 
the author conjectured this result in his Ph.D. dissertation [6] and recently 
posed it as an open problem 171. We shall verify this conjecture as a 
restriction of either of two more general results. 
In the graph G, a subset of edges is called independent if no two edges 
share a common vertex. Let m =p,(G) denote the maximum size of any set 
of independent edges. Let bi = b,(G) denote the number of ways to select a 
subset of i independent edges in G. Finally, let r = r(G) be the smallest 
subscript such that b, is maximal. 
* This material is based upon activities supported by the National Science Foundation 
under Agreement MCS - 7901984. Any opinions, findings and conclusions or recommen- 
dations expressed in this publication are those of the author and do not necessarily reflect the 
views of the National Science Foundation. 
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THEOREM 1. For any graph G and any vertex L’, 
(i) b, < 6, < ... < b,> b r+ 1 > ... > b,, and 
(ii) r(G)-r(G-v)=O or 1. 
Prooj When G has one vertex, (i) is trivial and (ii) is vacuously 
satisfied. We proceed by induction on the number of vertices. Assume that 
the theorem has already been verified for all graphs with fewer vertices than 
G. Select an arbitrary vertex L’, and let u,, Us,.... ud be the vertices adjacent 
to 1:. Now any independent subset of size i either has no edge incident with 11 
(so it is also an i-subset of G - c), or else it consists of an edge uil! union 
with an independent (i - 1 )-subset of G ~ L! - uj. Consequently, for each i, 
d 
b,(G) = b,(G - v) + “ bi. l(G - L’ - uj). 
jl 
(1) 
Now let r = r(G - ~1). By the inductive hypothesis, for each j. r(G - 11) ~ 
r(G - 11 - ui) = 0 or 1. Thus, for each i < r and for each j, we know by 
induction that bi(G - v) < bj+ ,(G - u) and bi _ ,(G - v - u,~) < b,(G - v - uj). 
Summing these inequalities and then substituting from (1) verifies that 
b,(G) < bi+ ,(G) for i < r. Similarly, when i > r, we know that b,(G - v) > 
bi+,(G - v) and b,_,(G - v - u.~) > bi(G - ~1 - uj). Since at least one 
inequality is strict, we may sum and substitute from (1) to obtain the strict 
inequality b,(G) > bi+ ,(G) for i > r. 
Note that this procedure does not allow us to draw any conclusions about 
b,(G) and b,+,(G), but either b,(G) < b,+,(G) and so r(G) = r(G - v) + 1, 
or else b,(G) > b, + ,(G) and r(G) = r(G - ~1). In either case, we have verified 
properties (i) and (ii) and completed the proof. 
A well-known result of Sachs [5] asserts that the characteristic 
polynomial of any bigraph can be written in the form 
The next result resembles Theorem 1. 
THEOREM 2. For an-v bigraph, the nonzero coefficients in the charac- 
teristic polynomial are unimodal in magnitude, that is, there exists~an r such 
that 
a, < a2 < “. < a,,>a,,+, > ..’ > a,,. (3) 
ProoJ: By the pairing theorem for bigraphs 151, we may pair the nonzero 
roots of #(B; x) so that the polynomial factors as 
(4) 
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The inequalities in (3) can be verified easily by induction on m, or if we 
prefer, we may replace x2 by y. The product now forms a polynomial with 
only positive roots. By a well-known theorem (see Comtet [2, Theorem B, p. 
2701) its coefftcients are unimodal as desired. 
2. ORSERVATI~NS 
Since every forest is also a bigraph, Theorem 2 is a stronger version of the 
conjecture mentioned in the opening paragraph. On the other hand, for 
forests the coefficient aZi equals the number of independent i-subsets, bi. 
Thus, Theorem 1 is another generalization of the conjecture. Yet, neither 
theorem is a special case of the other, for Theorem 1 also applies to graphs 
with odd cycles, and Theorem 2 examines a different sequence when the 
bigraph contains cycles. Moreover, the coefficients are not unimodal for 
certain graphs containing odd cycles. For example, when G is the 
complement of the path P,, 
(b(p,: x) = x5 - 6x3 - 2x2 + 4x. 15) 
We point out that the key to both inductive proofs was in obtaining some 
control over where the maximum occured. This is stated explicitly in 
Theorem l(ii), and is implicit in the inductive proof of Theorem 2. 
Finally, Read (4) has conjectured that the coefficients of the chromatic 
polynomial M,(1) of a graph G are unimodal in magnitude. Let M,(1) = 
1;:; (-1)‘cJ-i. Imitating Theorem 1, we let r(G) be the smallest 
subscript such that c, is maximal. Graph G - uu is obtained by removing 
edge UP from G, while G . uu denotes the graph formed by contracting UL’ 
and deleting multiple edges. We extend Read’s conjecture to read: 
Conjecture. For any graph G and any edge UV, 
(i) c0 <c, < ..e < c,>c,+, > ... > cm, 
(ii) r(G) - r(G - uu) = 0 or 1, 
(iii) r(G) - r(G . uu) = 0 or 1. 
A proof, by induction, on the number of edges using the identity M,(1) = 
M G;-U,,(1) - M,.&1) seems plausible, but at present we do not know how to 
verify properties (ii) and (iii). 
Biggs [ 1, p. 96) reports that Heron [3] has proved that ci-, < ci for 
i < +(IZ - 1). Thus, r in the conjecture must be at least i(n - 1). 
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